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Summary

Hogg, R.V. [1] obtained the null distribution of likelihood ratio
test statistics for testing the hypothesis Hq : given)
and H„: for certain non-regular densities given by

fix, Oi)=g{x)lh{ei) for a < x < 9^
0, .

for i=l, 2, ...k and /i(ei)=J g^x) dx
a

The non-null distributions of the likelihood ratio test statistics for
testing Ho: (0^=02...0,.=.0„ given) for any k and Ho ; (6*1=02
for/c=2,3 and 4 have been obtained and conjectured for any A:.
These results hold true if the range of x is {0;, b where 6(0) is
a strictly monotone decreasing continuous function of 9.

1. Introduction

The asymptotic distribution of the likelihood ratio test statistic
depends essentially onthe'regularity conditions, as shown by Wilks [3],
which are necessary to establish the asymptotic normality of maximum
likelihood estimator. These conditions are not satisfied whenthe range
depends upon the parameters. As for example, the density function
given by

(1) fix, Q)=g{x)lh {9) for fl < X <
= 0 otherwise,

0

where h iO)= J g{x) dx is a monotone continuous function of 9, does
a

not satisfy the regularity conditions. Hogg R.V. [11 and Kendall arid
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Stuart [2] have derived the likelihood ratio test statistics /j and /a for
testing

(0 Ho ; (01=02=... = 0,:=6^0 given) and
(«) Ho : {61=62= —= 6k)

respectively, considering the k{k=\, 2,...) mutually independent
populations having density fuiictio.Tis/(x, 0;), i = l, 2,...k. It has been
shovifn by them that under the respective null hypothesis (—2 log h)
is distributed as with 2(/c—f+I) degrees of freedom, for t=l, 2.

Let (;=1, 2,...«i, 1=1, 2.../c) be independent observations
from the population given by the density function/(j:, 00, '=!> 2...k,
and X(i) be the largest value of the ith sample. The likelihood ratio
test statistics and 4 can be written as

k

(2)
7=1

and

. k

(3) 4= I"I {h Mlh
i=\

where m=max. (x^,, ;f(2),...^(;:))

Moreover, we note that the density function of (x«,) (see Hogg
[1]) can be shown to be

—Wj —1
(4) yi for 0 < J'e </l (0<)=0i

and

0 otherwise

The purpose of this paper is to obtain the exact non-null
distribution of 1^ and 4. It is shown that the non-null distribution of

—2 log , where G is given by

k

(5) (7= JJ {h mih (0o)}"'
/=1

is distributed as with 2k degrees of freedom. This result has been
proved by Kendall and Stuart [2] for k= \ explicitly, and its exten
sion for any k is immediate. The non-null distribution of 4 is
obtained for k=2, 3 and 4 only and conjectured for any k. These
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results hold true even if the range of is (6;, b (0.) where b{e) is
strictly a monotone decreasing continuous function of 0. This has been
established for the null case by Kendall and Stuart [2],

2. Non-nuil Distribution of /j

The likelihood ratio test statistic fortesting Ho(0i==^2==...0,c=0o
given) given by (2) can be rewritten as

(6) h = Gh,o
where G is given by (5) and

k

h,o= JJ w"' with Wi=yilh {Oi),
/=!

i=l, 2,...k, which are independently distributed with the
density functions

1

(7) h'i for 0 < w,- < 1
and 0 otherwise

It is easy to see from Hogg [1] and Kendall and Stuart [2 p. 237] that
—2 log h, 0 is distributed as with 2k degrees of freedom. Hence,

—2 log is distributed as with 2k degrees of freedom.

3. Power Function of

3*1. Power Function when k=2

Let k—2 in (3), then 4 will be given by
"1 «2 ni+n2

(8) y2l y
where y=max. (3^1, y^) and yi=h{Xii^)
Let ai3=</'i/02 and

L(ni, «2, c ; aia)=P(/2 < c)

(9) =P[(yily2) < c when Ja > yT^] +
"2

P[yJyi) < c when j'l > y^]
because the event 4 < c is the union of two mutually exclusive cases

"1 «i

J'l < c J2, when > y^
and

«o m

V2 < c Pi when jj > y^
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From (9) it is obvious that

(10) £(«i, c ; ,ai2)=L(n2; n^, c ;

Hence, we shall obtain L (n^, ih,, c ; a.i„) when

< 1 i.e. 01 < <l>2

Let us denote the density function of h at l^=c by/(c) then

(11) f{c)=A{c)=Uc)

where

and

and

(12) Uc)= ^ P
111 7lj

, when yo > yi

(13) /2(c)= ^ P y"^ <cy"\ when >y-z
The joint density function of y^ and y^ is

('"> -tH;
• <1'! 'I'2

0 Otherwise

"2-1
J2 for 0 < <</>«, j=l, 2.

Vi
From (14), we get the density function of Vjt= — as

„ „ III fl]—1

(15) V, for 0 < < 7.,2,
"i+n2

Ml «2 "2 -"2 -1

ni+«2 " '
and 0 otherwise

From (15) it is easy to see that

for ai2 < Vi < cc

and

(16) /i(c) =
'h+n.

= "3 r/-

"l+«2

"1

'•21

"2

12

(17) Mc)^
ni+«2

"2
'•12

for 0 < c < 1x12"1

"1 for ai2 > c < 1

for 0 < c < 1

using (16) and (17) in (11) we get the density function of 4 at
4=0 as
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(18) = +"2a2i"^) I ("i+Wa) for 0 < c <

=Wo c~' 7i\ ^I(«i+«a), for c<1
=0 otherwise

Hence

(19) L(«i, 7?2, c;ai2)=c(
V 12 21/

ni

for 0 < c < ai2

n, _3.
= l-K/("i+«a)]«i2 C "1

"1
for C.12 < c ^ 1

= 1 for c > 1

=0 for c < 0.

3.2 Power Function when K=3.

Let k=3 in (3), then 4 will be given by

"l «2 "3 "l + n2+"3
(20) Ja ly

where >'=max(;'i, y^, ya)

and yi=KXii))

i

Let Ni= S itj, No=0,
7=1

Iti 111 «2

B2=='̂ -12j B3 = ai3a23-
3

(21) ^••'3=n
y=i

and let

LOh, «2, 7/3, c ; «12, Kls, Kgs)

= P(/2 ^ C)

"a "3. 112+113
(22) =Pbo J3 ^ c' when 3^1 > (jg, Jl's)]

«1 "3 «l+«3
+Pbi Ja ^ c y^ when 3^2 > (:Vi, J3)]

"1 "2 «l+«2
+P[7i J'a ^ Js whenJ3 > {y^, y^]
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because the event /g < c is the union of the three mutually exclusive
events given by

"2 "3 "2+"3
J3 < c when > {y^, y^)

I'l "i+"3
^2 : J3 ^ C J3 when y^ > (ji, jg)

(23) and

"1 'h "i+Ka
^3 : Ji J2 < c y^ when y^ > (ji, j'a)]

Let the density function of I2 at l2=c be denoted by/(c) then

(24) f(c)=Mc)+Mc)+f,ic)

where Uc) = ~P{A,),

i=\,2, 3.

Moreover, it is easy to see from (22) that

(25) L{n,, '̂ 21 "sj ^ j '*12) "'as)
=Z,(n- , n- ,n-,c\ a., •, a,- ,• . a,- )Wi /2 Js ' /1/2' /j/s

where (?i, '3) is any permutation of (1, 2, 3).

Hence, we shall obtain L{iij, n^, n^, c ; oc^^, Kjg, a23)
when 'j6i < 02 < ^3 '-e. 1*12 < 1, «i3 < I and «23 < 1.

Now the joint density function of Ji, y., and y^ is given by

«i«2n3 "1"' "3-'

'}>\ 4''! <f>3
and forO o^,. < 0,-, i=I,2, 3

0 otherwise

From (26), after deriving the joint density function of

and rV3=yJy^

we get /(c) from it as

«2 «3
(27) /i(^;)=(«i/-A^3)«i2«'-i3 (-log c) , .

[for 0 < c < 1.

Similarly after deriving the joint density function of
1

v^=
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and V5=

we get /3(c) from it as

(28) (-log 3+^(^2,3-^1,3)
for 0 < c < jBa

N3
n.n..

for < c < 1
=0 otherwise

Lastly, after deriving the joint density function of
1

Va = '

and v,= —:
V.

we get/3(c) from it as

(29) /3(f)
N,-N,

N,

for 0 < c < ^3

(AT, +N,)iN,-N,^ j _j
2 -^2,3

jY 2 v'2,3 '̂ 113^

for ^3 < c < ^2

for < c < I
Using (27), (28) and (29) in (24) we get the density function of

/2at/2=cas
(30) /(c)

-s—
,•==1 N, »

3

+ _J {{N,IN,f-{NMY-{N,iN,)+{N,.,lN,)}Ai,,
for 0 < c < ^3
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2

/=I N.

+ S m,IN,)'-(N,-,IN,Y—{N,IN,n(N,.,IN,)}A,„
1=1

N,{N,~N,)( c\-^
for ^3 < c < ^2

={N,IN,){-log c)A„,+{(NJN,y--{NJN,)}A„,
^3

-1

N.

and

=0 otherwise

From (35) we get
L(«i, no, rtg, c ; «i2, ai3,

(31)

for ^2 < c < 1

(-log c)
.1=1

5 (A^i-iV;_l)(l0g Bi)Ai, 3
l(=l

for 0 < c < ^3

( clogc) f 2
b=lA^r, + i\^, ,/=l

(log 5,)

^3
1+-^ s 3.+1- ^2 3^2 ' c

'*3 /=l •''a

iVo' N2
1 c

for c ^ B„

I-^
•(-C log c) ^^1,3+ 4V^1' 3c'N, WS

3.3 Power Function when k=4.

Let «-ij='i>il<i>h 4=
"j

V-ii

7=1

N.
for £2 c < 1
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and

',7=1,2,3,4

7=1
i

^5=0, Ar,= 2
/=i

2, 3, 4

^("j, «3, «3, «d, C; «12, ai3, «14, <^-23, «3l)
-P(/2 < C)

(32)
"2 "3 "4 "2 + "3+"4

= ^[J2 :>'3 ^4 < c yi
«1 "3 "4 "i+«3+ "4

+ -P[jl J3 J4 <CJ2
"1 «2 «1 "l+ n2+ "4

+-^'[3'i 3^2 J'd < c

when ;'i > (j,, y^, J4)]

when y., > (yi, y^, y^]'

when ;'3 > (j',, >^2, j'.^]
"1 "2 "3 "i+ns+"3

+^[>'1 y2 ys < c y^ _ ^ when ^4 > {y^, y., y^]
because the event 4 < c is the union of four mutually exclusive
events given by

Hg «3 Hi "2+ "3+ "4

A • y. J3 A < c .vi
"1 «3 "i lh+"3+'li

^2": j'l J3 J'4
"1 «2 "4 ni+/'2+n4

^3 : Ji J2 .T4 < c ;'3
(33) and

Itl ;i2 "3 »l + «2+"3

Ai: Ji Ja J'3 < c yi

when 3^1 > .fja, J3, j;^)]

when y., > (>'i, ;g]

when J3 > (j'l, ;^2, j^)]

when J.1 > (j'j, y.,, jg)]

Let us denote the .density function /(c) of 4 at
/2=cas

(3i) /(c) =A(c) +/2(c)+/3(c) +/4(c)
where ^ —

PiA,),

'•=1,2,3,4

Moreover, it is easy to see from (32) that

(35) L{fh, «2, »3, "4, C; ai2, «13, <^-14, «2d, «3.l)

= , "/a ' "/3 ' "'4 ' ^ ' )
'̂ 'hk' "'ilk' "'hk'°'"'2'3' °''2'4' °''3'4^

where /'i, h, h, is any permutation of (1, 2, 3, 4)
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Hence, we shall obtain

^("l) "3; "dJ ^ 3"-121 '̂ •131 "23! *^-241 "34)

when < </.2 < ^3 < i>i,

i.e..

get

< 1, ',7=1, 2, 3, 4
i < j

Proceeding in the same way as in section (3i) and (3'2) we

(36)

(37)

for 0 < c <1

Mc)~ (log c ,

for 0 < c < ^2
N,

"ifi

A'/

(38)

N,

1

for ^2 < c < 1

fhfU
log C—

N,
A 4- "="3 , c JV, JV.,

N, N, ^2) 4
4 •'*4

A+
2 JV, , ci W, ^ \

N,

N:^^2 \^10g C 4+ ^^2 log

+-^ (clB,) ^2A„

Ss iv,'";
for 0 < c < ^3

3) 4

N, N,
N,i

• A 2; 4

for ^3 < c < £3

^4

= 'h!b f ]aa cA a-"^^^\~~n^a

for 52<C</
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and

(39) Uc)

+'

+
N,

n,n.

? n

•°3

( c
VS:

Jhn,

«4^2Y ^
N,' \B, J+ •

, A'l

log c-

N,:
Ni.

A 4-"^"'

N,
ATal

A^4j•^s,i

c Yi N.. c

bJ

Nr]•^1.1 +^^2
_N,

N,
N,-

. K.
•^3>4

N,

Ns
Aa,i

•^1,4

Ni

N,

•^2'4

A^r
N,.

I

•A-iti

^1>4

log A,,.2^4
4 J

>j- /^4>4
for 0<c^S4

c _A^i _N2
N, Nj

log
B.

^2j 4

for ii4< c ^ 5g

, c __N, N,
N, N, »2>4

for BsKc^B^

for 52<c^1

Using (36), (37), (38) and (39) in (34) we get the density
function of 4 at I2—C

(N,-N,)N,^ ( c \

for ;• =31,2,3,4
from (40) we get

Nj

^iy 7c
I
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(41) L{n„ n„ "S! ^ ) ^12> ®'-14> '*23> ^^24' '*34)

r 2 .
eg 3

L p=o i=\

where

(43)

Bi= JLI ««•>
;=1

i

Ni= 3 H,, Afo = 0 and
y=i

Hence, the power function of /, for any k is conjectured as

p = 0 /•=!

(-log (clB,)y~^-^'l{k-2-p) !

+1 - (A^j/iV;;)'"" Bj c

for Bj+^<c^B ,7=1, 2, .../c.
J

We have Pr(-S;c+i=0)=0 for C (log c)'->0 as C->0 for any non-
negative integer number j and P,. {B^= 1)= 1

1-

+ l-{N,IN,f A,., c N,

for 5,+i<c^5,-,j=l, 2, 3, 4

From this we can conjecture the density function of 4 at h=c for
any k as

r^-2 j

Lr=0 /=!

(-log {clBdf--''-Hk-2-r) ! ~

+ {(JV,- 7V,)JV/-ViV,/-i} (5,/4)^.-,

for Z?,+i<c^5,- j=\,2,...k.

^1+1=0, i,j=\,2,...k

k

Aik= JJ[ o-ifK f=l,2,.../c
7=1
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4. Both Extremities of the Range Depending upon 0.

We consider the density function

(44) fix, %d=-g{x)jk{%) for

m)
where A(6i)= J and b {6^ 2,.../c)

Of

are strictly monotone decreasing function of 0. Hogg [1] has given the
likelihood ratio test for testing : {0^=d^—...g,,^eQ given)

k

(45) h=-]J{miki9,)}'"
;=1

where Xij, j=\,2,..., Wj are independent observations from
f ix, di), z=l,2,..7c.

let ti=min[miniXij), bimax Xij)], i=\,2,...k
j . j

According to. Hogg [1]; we get

Pi1~^r)—P{min x^^r, max Xj-,^6(r)}
j j

nj 1

\ Ked j

"Hence, it is essay to see that the density function of

y'i^KU)

is given by

(46) n4r"'yl'~^ for O^3'i '̂/^,:=A:(0,)
and 0 otherwise

This is the same density function as considered in the preceding
sections and hence 4 can be written as

(47)

where

h—^i h-o
k

Gi=jj [ki6mK)f\
/=I

k

1=1

/i,o =U Wtr^yiHi

Hence, noting section 2, we get the distribution of

-2 log (/3/G1) as

with 2k degrees of freedom.
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Similarly, if we require k to be greater thaa one, we can show
that the non-central distribution of 1^, the likelihood ratio test for
testing the hypothesis : (0i=02-" = 0fc) is the same as that obtained
in section 3, for

/.=n
/ = !

where y=max O'i, y'l,)
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